Problem Description
A cantilever beam is supported as shown in Fig. 1 . The beam is subjected to a total vertical load, applied at the tip of the cantilever, which should cause the tip to deflect significantly. The determination of the non-dimensional tip deflections ratios are determined.
Reference Solution
The classical problem of deflection of a cantilever beam of linear elastic material, under the action of an external vertical concentrated load at the free end, is analysed (Fig. 2) . The solution for large deflection of a cantilever beam cannot be obtained from elementary beam theory since basic assumptions are no longer valid. The elementary theory includes specific simplifications e.g. in the consideration of curvature derivatives, and provides no correction for the shortening of the moment arm as the loaded end of the beam deflects. For large finite loads, it gives deflections greater than the length of the beam [1] .
The mathematical treatment of the equilibrium of cantilever beams does not involve great difficulty. Nevertheless, unless small deflections are considered, an analytical solution does not exist, since for large deflections a differential equation with nonlinear terms must be solved. The problem is said to involve geometrical nonlinearity [2] . Therefore in order to account for this nonlinear term, third order theory is
performed, where the equilibrium is established at the deformed configuration (geometrically nonlinear analysis).
Model and Results
A circular pipe with cross-section of outer diameter 0.2 m and wall thickness 0.01 m is used, so that the beam is moderately slender. This type of problem becomes considerably more difficult numerically as the slenderness ratio increases [3] . The finite element model consists of twenty elements. The properties of the model are defined in Table 1 . As an alternative, the structure is analysed with quad plane elements with a cross-section of the same stiffness as the circular, in order to achieve the same results and compare the behaviour of the two types of elements. The quad cross-section has a width of 0.3 m and a thickness of 0.10261 m, and therefore the same moment of inertia  = 2.701 m −5 as the one of the circular cross-section. Results for both models are presented in Table 2 . Figure 3 shows the deflection of the beam for the two analysed models. Figure 4 presents the results, in terms of the motion of the tip of the cantilever, where they are compared to the exact solution for the inextensible beam, as given by Bisshopp and Drucker [1] . 
